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Abstract

A model has been developed for the behavior of an isolated fluid drop of a single compound immersed into another
compound in finite, quiescent surroundings at supercritical conditions. The model is based upon fluctuation theory
which accounts for both Soret and Dufour effects in the calculation of the transport matrix relating molar and heat
fluxes to the transport properties and the thermodynamic variables. The transport properties have been modeled over a
wide range of pressure and temperature variation applicable to LO.—H, conditions in rocket chambers, and the form of
the chemical potentials is valid for a general fluid. The equations of state have been calculated using a previously-
derived, computationally-efficient and accurate protocol. Results obtained for the LO,—H, system show that the super-
critical behavior is essentially one of diffusion. The temperature profile relaxes fastest followed by the density and lastly
by the mass fraction profile. An effective Lewis number calculated using theory derived elsewhere shows that it is larger
by approximately a factor of 40 than the traditional Lewis number. The parametric variations show that gradients
increasingly persist with increasing fluid drop size or pressure, and with decreasing temperature. The implication of
these results upon accurate measurements of fluid drop size under supercritical conditions is discussed. © 1998 Elsevier
Science Ltd. All rights reserved.

Nomenclature g heat flux

Ay fluid drop surface area r radial coordinate

C, molar heat capacity at constant pressure Ry drop radius

D diffusion coefficients R, universal gas constant
F,, emission flux t time

h  molar enthalpy T temperature

h, Planck’s constant u velocity

J molar flux ur mean, normal velocity of a molecule due to thermal
L transport matrix fluctuations

L; elements of the transport matrix L v molar volume

Le Lewis number x generic coordinate

m molar mass X mole fraction

M  fluid drop mass Y mass fraction

Ma Mach number Z compressibility factor.

n number of moles per unit volume

N number of species Greek symbols

p pressure o, accommodation coefficients
o mass diffusion factors
or thermal diffusion factor

_— o, thermal expansion ratio
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Ah latent heat

N  viscosity

K, isentropic compressibility
Kkt isothermal compressibility
4 thermal conductivity

1 chemical potential

v, dissipative expansion

p density

T stress tensor

@, viscous dissipation

¢ gas fugacity coefficient.

Subscripts

o, fcoordinate notation

b drop interface, at r = Ry

¢ critical point property

d drop

eff effective

equil thermodynamic equilibrium
evap evaporation

g grid
i,j species
m mass

r radial component

sat saturation

si at the edge of the sphere of influence
T thermal

oo far field.

Superscripts

G on the initial hydrogen side
i,j species

lig liquid

L on the initial oxygen side

0 initial value

" pure substance.

1. Introduction

Liquid rocket engine design is not a mature technology
in that the issues of reliability and efficiency are unre-
solved. Current designs are still based upon empirical
knowledge and theory that does not portray the com-
plexities of the physical processes and of the environment
in the combustion chambers. The extensive review on
liquid propellant rocket instabilities compiled by Harrje
and Reardon [1] more than twenty years ago remains the
base of rocket design despite the increased understanding
that many of the approximations made in performing the
calculations compromise the validity of the results.

One of the foundations of liquid rocket instabilities is
the theory of isolated drop evaporation and combustion
in an infinite medium [1, 2]. The early version of that
theory was based on the assumption of quasi-steady gas
behavior with respect to the liquid phase, an assumption

strictly valid only at low pressures where the liquid den-
sity is three orders of magnitude larger than that of the
gas. Recognizing that at the elevated pressures of liquid
rocket chambers the liquid density approaches that of
the gas, the quasi-steady assumption was relaxed in other
investigations [3—7]. However, it is only recently that the
description of the full complexity of combustion
chambers processes was undertaken; this includes not
only the complete unsteady treatment of the conservation
equations but also appropriate equations of state with
consistent mixing rules and transport properties valid
over transcritical/supercritical conditions.

The discussion below emphasizes the LO, system
because its behavior sometimes contrasts with that
observed for hydrocarbons as noted by Chesnau et al.
[8]. Therefore, the results of many interesting studies in
the context of Diesel engines or high-pressure gas turbine
engines will not be discussed. Such a discussion appears
in the review of Givler and Abraham [9].

Yang et al. [10] described the vaporization of a liquid
oxygen drop (LO,) in hydrogen over a wide range of
pressures. The model includes thermodynamic non-
idealities, variable properties and the assumption of
liquid—vapor equilibria. The Soret term accounting for
species transport due to thermal gradients and the
Dufour term accounting for heat transfer resulting from
concentration gradients are neglected. In the side of the
drop boundary containing hydrogen, the Soave—
Redlich—-Kwong (SRK) equation of state (EOS) is used
to calculate the compressibility factor while the density
of fluid in the LO, side of the boundary is given by curve-
fitted experimental data. The thermal conductivities and
heat capacities are correlated as functions of density and
temperature, the liquid diffusivity is estimated following
Scheibel’s [11] procedure, and the binary diffusion
coefficients are calculated following the corresponding
states method of Takahashi [12]. Calculations are
initiated with a drop at subcritical temperature in sur-
roundings where the pressure and temperature are both
above the critical point; once the drop surface tem-
perature reaches the critical point, the assumption is
made that it is this surface that continues to define a
gas/liquid interfacial boundary and thus, it is its motion
that defines the drop regression rate. This surface tracks
thus the progression of a liquid entity composed of both
LO, and hydrogen in contrast to the pure LO, drop.
Plots of the temperature, mole fraction and density all
show steep gradients around what is presumably the
interface (the interfacial boundary is not indicated on the
curves). Because the radial coordinate is logarithmic, it
is impossible to compare the detailed evolution of the
heat vs. the mass transfer ; however, plots of the Lewis
number show that it reaches values as large as 1.9 on the
hydrogen side and 1.3 in the LO, side. The results show
the increasing importance of hydrogen diffusion into LO,
and the increase in vaporization rate with increasing
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pressure. Surprisingly, the results show that the classical,
quasi-steady-derived D*law [2] remains valid for all
pressures (5-250 atm) and drop diameters (5x 107%
300 x 10~°m). Hsiao et al. [13] extended the study of [10]
to include convective effects. In this new version, the
Benedict-Webb—-Rubin (BWR) EOS in conjunction with
an extended corresponding states principle, replaces the
SRK EOS for the purpose of achieving higher-accuracy
density predictions and the corresponding states principle
is applied to calculate transport properties. Results from
the calculation show that the interface defined by the
critical temperature deforms and stretches throughout
the drop lifetime presenting a convex surface to the
incoming flow. The motion of the drop is defined by the
motion of its center of gravity and a drag coeflicient is
calculated.

The model of Delplanaque and Sirignano [14] is similar
to that of [10] in that Soret and Dufour effects are
neglected and phase equilibrium is assumed ; addition-
ally, since the calculations are not pursued beyond the
drop surface reaching the critical point, the mixture is
approximated by a gas with mixture-averaged properties.
The Chueh and Prausnitz [15] version of the Redlich—
Kwong (RK) EOS is used and the thermophysical and
transport properties are correlated from data with no
correction for real gas behavior. The diffusion coefficients
are calculated using dilute gas theory and it is uncertain
whether the discussed high-pressure effects [16] are
included. The liquid density is evaluated using the
Hankinson—Brobst-Thomson method [16] and the iso-
baric heat capacity is obtained through an ideal gas cor-
relation [16]. Since there is a unique relationship between
heat capacities and the enthalpy as expressed by the EOS,
it is not clear that this thermodynamic relationship is
satisfied by this procedure. Results from the calculations
show that the LO, drop surface reaches the critical tem-
perature in a time much smaller than the characteristic
thermal diffusion time.

More recently, Haldenwang et al. [17] constructed a
model similar to those in [10] and [14], but identified
the drop surface with the location where thermodynamic
equilibrium occurs. The RKS EOS is used in the model
and C, is estimated independently of the EOS, possibly
introducing inconsistencies in the thermodynamics. The
binary diffusion coefficients were calculated through
empirical correlations [16] in liquids and dense gas, and
the thermal conductivity was calculated using standard
mixing rules and experimental data for pure substances.
In this study, the subcritical regime is defined as that for
which the mass fraction at the surface remains higher
than that corresponding to the value for which the surface
temperature is the critical temperature during the entire
drop lifetime. With this definition, the evolution of a LO,
drop initially at 100 K in surroundings at 1000 K and 8
MPa is classified as subcritical behavior although obvi-
ously there is no material drop surface at those

conditions. Calculations performed with different
thermodynamic properties yield results qualitatively
similar but quantitatively different. Just as in [10], the D*-
law remains valid both in the subcritical and supercritical
regimes. Comparisons with the microgravity obser-
vations of Sato [18] for n-octane show similar trends : the
drop lifetime decreases with increasing pressure in the
subcritical regime and increases with increasing pressure
in the supercritical regime. To evaluate the impact of the
assumed interface location (at the critical temperature
[10] vs. the saturation temperature [17]), results are pre-
sented with the model of [17] using each assumption, and
they are further compared with those of [10]; although
there is qualitative agreement between the drop lifetime
vs. the reduced pressure curves found by the authors
using each assumption, their variation is not similar to
that of [10]. A further detailed evaluation of the influence
of the interface definition reveals that, in contrast to the
situation when the interface is located at the critical point,
anincrease in radius is obtained in the transcritical regime
when the surface is assumed to be at thermodynamic
equilibrium. This effect is attributed to the increase in the
difference between equilibrium mass fraction and critical
mass fraction with increasing pressure. The obvious con-
clusion from this study is that it is not only the con-
servation equations, EOS, and transport properties that
must be accurately modeled, but also the interface
processes.

Haldenwang et al. [17] also note that the results of [10]
and [14] for identical conditions have more than one
order of magnitude discrepancy, and that their own
results do not agree with those of either one of these
studies ; this indicates that it is only through comparisons
with experiments that the cause of the difference could
be resolved. However, experiments with LO.~hydrogen
combinations are prohibitively expensive because of the
associated safety aspect. Additionally, the interpretation
of the results is not straightforward as will be discussed
below.

Circumventing the difficulty of LO, in hydrogen and
that of very high pressures, Chesnau et al. [8] present a
set of experiments for LO, evaporation in air, nitrogen
and helium at 0.1 MPa and 3 MPa. Since the data was
acquired through imaging, the drop surface is a measure
of steep density gradients. The data shows that at 0.1
MPa, the D*law is validated within the range of exper-
imental error. In contrast, at 2 MPa the slope of D?
changes with time, which is documented as an unsteadi-
ness in the evaporation constant; this unsteadiness
increases with increasing pressure. These observations
seem to disprove the previous theoretical predictions of
the D*law holding over the entire subcritical range. More
recently, Chauveau and Gokalp [19] acquired data for
LO, in helium at up to 65 bars under gravity conditions.
The drop was suspended from a fiber, indicating that it
was not pure LO, which becomes supercritical (and thus,
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has zero surface tension) at 5.043 MPa. Both sets of data
show that the evaporation rate increases with increasing
pressure, unlike the data of Sato et al. [18] for n-octane
and that of Chauveau et al. [20, 21] for n-heptane and
methanol showing a minimum in the evaporation rate at
the critical point. Chesnau et al. [8] attempt to explain
the difference between the variation of the evaporation
rate of LO, and hydrocarbons with pressure on the basis
of the reduced temperature in the drops surroundings
which in their experiments was supercritical for LO, but
subcritical for the hydrocarbons. This explanation is not
convincing since the data of Sato et al. [18] was acquired
for burning n-octane drops and therefore at supercritical
surrounding temperature since the critical temperature
of n-octane is 570 K. Therefore, the qualitative agreement
between Haldenwang et al.’s drop lifetime variation with
pressure for LO, [17] and the observations of Sato et al.
[18] is suspicious and may indicate a flaw in the model
rather than a validation of the model.

The above discussion shows that there is still a wide gap
between the current modeling capability of LO, drops in
hydrogen and that necessary for advancing the state of
the art in liquid rocket motor design. The model pre-
sented below constitutes an improvement over the exist-
ing models in that it includes Soret and Dufour effects,
an accurate form of the chemical potentials valid for
general fluids, and thermodynamic nonequilibrium
between phases, none of which were included in [17, 10,
13, 14]. This set of conservation equations and a kinetic
law (equivalent to the Langmuir—Knudsen law that is
valid for liquid evaporation) derived here for dense gas
are coupled with accurate EOSs and transport coefficients
over the subcritical/supercritical range for both LO, and
hydrogen. The model used for the EOSs has been
described in detail elsewhere [22]; these EOSs are
obtained by curve fitting data and further extrapolation
using the concept of departure function [16]. The import-
ance of Soret and Dufour effects is the subject of dis-
cussions in Harstad and Bellan [23] while the ther-
modynamic equilibrium assumption is shown by Bellan
and Summerfield [24] to be unrealistic in certain situ-
ations even under subcritical conditions.

2. Model

The model of the conservation equations is based on
the fluctuation theory of Keizer [25], also described by
Peacock-Lopez and Woodhouse [26]. The advantage of
this theory is that it inherently accounts for non-
equilibrium processes and naturally leads to the most
general fluid equations by relating the partial molar
fluxes, J,, and the heat flux, q, to thermodynamic quan-
tities.

2.1. Conservation equations

In general form, the conservation equations are:

—continuity
dp  dpuy)
3 oy 0 2.1)

where the conventional index notation for expressing
derivatives and sums apply.

—momentum conservation on the o direction
0pu,) | Opusug)  Op 0ty
ot 0xg Ox, 0Oxg

where 7,5 = §uix[(Ou,/0x 54 Oug/0x,) — (2/3)0,5 0u,/0x,] is
the stress tensor in which d,; is a tensor having unit
diagonal, its other components being null.

2.2)

—species conservation

op; n opuy+midy)

ot ax, 0 (2.3)

—enthalpy equation

o(nh) O(rﬂzhu,;) _ ap uﬁﬁl _ 0qp Lo, 2.4)
ot 0xy ot Ox;  Oxy
where @, = 1,50u,/0x; is the viscous dissipation and
n=p/m.
Fluctuation theory relates J; and q to the transport
matrix L through

Ji = quvﬁ_ZLz/V(ﬁ.u/): q = quvﬁ_qu,V(Bﬂ/)

2.5)

Here L;; are the Fick’s diffusion elements, L,, is the Four-
ier thermal diffusion element, L,, are the Soret diffusion
and L, are the Dufour diffusion elements and
p = 1/(R,T). The Onsager relations state that L; = L;
and L, = L,. Additionally, conservation of fluxes and
mass in the system imply that Z¥mJ, =0 and
=¥ L,m; =0forje[l,N] andj = q.
Using the thermodynamic relationship

d(Bu,) = Bw,dp—h;dIn T)+ <Nf oy dX,) / X, (2.6)

where
opy = PX;0;/0X; = 0X,/0X;+ X, 0Iny;/0X, 2.7
one can calculate J; from (2.5) and (2.6).

In general, this formalism proceeds with the definition
of a symmetric matrix whose elements are the pair-wise
mass diffusion coefficients for the mixture D), and an
antisymmetric matrix whose elements are the thermal
diffusion factors «{”. For a binary mixture, this for-
malism simplifies considerably to yield
J, = —(my/m)J,+ X, Xo00nD,,VInT). (2.8)

D,. = L,,(m/m,)*v/(X,X,) is a mass diffusion coefficient,
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or = (Ly,/Ly;)fm,/m is the ratio between the thermal and
mass diffusivities, and

J, = nD {ap VX, + Blmymy X, X, /m][(v, [m; —v, /m,)Vp
+ (hy/my—hy/m)VInT]}. (2.9)

According to equation (2.7) ap = 1+X;(01ny,/0X/)1,,
where from the Gibbs-Duhem relationship op, =

Opm = —0p;, = —0Opy = dp. Further, equation (2.3) can
be simplified to yield
DX, m DX,
= — J,=— 2.10
Dt msn ! Dt ( )

where DX,/Dt = 0X,/0t+u;0X,/0xy, and X, =m,Y;/
[m, + (m,—m,) Y,]. Combining equations (2.4), (2.8) and
(2.9) one obtains

ncpﬂ= avT@ —V-q+®,+m, (h,/m, —hy/m,)V+J,
Dt Dt
(2.11)
where o, = [(0v/0T),.y,]/v and
q= — (R, T)J,—/VT. (2.12)

Consistent with the previous definitions, 4 = fL,,/T.
2.2. Boundary conditions

For the spherical drops considered here, boundary
conditions must be applied at three different locations:
the fluid drop center, the interface which is initially
between the pure LO, drop and the fluid, and the far
field. In this model, the far field is set at a finite location,
which is a multiple of the initial fluid drop radius, from
the initial interface. Consistent with previous terminology
from subcritical theory [27], this far field location is called
the edge of the ‘sphere of influence’ and is located at Ry;.

At the center of each entity, spherical symmetry con-
ditions prevail, whereas at the edge of the sphere of influ-
ence known conditions apply.

The conditions at the interface express not only con-
servation of mass, species, momentum and energy, but
also nonequilibrium evaporation and solvation. Initially,
LO, exists for r < Ry and the superscript L is used in this
side of the interface. At 1 = 0, a fluid that is primarily H,
surrounds the drop and the superscript G is used for
r > Ry. In contrast to the purely subcritical situation [27]
where the interface is well defined by a surface where
there is a sharp change in density, here there is an arbi-
trariness in defining an interface that should be followed
in time. As we show in the Results section, the gradients
of the mass fraction and density do not coincide, so that
following the pure drop interface is not equivalent to
following the maximum density gradient which is what
is optically detected. Since at supercritical conditions the
physical phase change interface does not exist, we are free
to choose an interface that we want to follow. Ultimately,
under subcritical conditions the choice has to be con-
sistent with the purely subcritical theory.

Since previous results have shown that nonequilibrium
effects can be important [24], we do not make the assump-
tion of equilibrium evaporation utilized by all other inves-
tigators (cf. [17, 10, 14]). The equilibrium evaporation
essentially specifies the mass fraction in the gas side once
the mass fraction in the drop side and the temperature at
the surface are known. The small characteristic time of
thermodynamic equilibration introduces another com-
plication in the boundary conditions because it renders
the equations very stiff. Nevertheless, nonequilibrium
must be considered since there is no physical justification
for equilibrium.

Simple accounting of unknowns at the interface yields :
up and uf ; X%, and X§, ; pt and p¢; Ry; Ty ; and py. The
interface unknowns are determined from the jump con-
ditions in the conservation of mass density, mass frac-
tions, momentum, and energy ; by their very nature, these
are computed at the numerical-cell boundary. The inter-
face variables are related by conservation statements to
the variables at adjacent nodes located at numerical-cell
centers. Viscous effects are neglected because they are
generally very small ; so are Ma effects. Since the pressure
is mainly determined by its far field value, the momentum
equation at the interface determines only the very small
pressure perturbation.

In mathematical form the conservation statements at
r= R, are:

—mass balance
Py (ug —dRy/dr) = pg (uy —dR,/d0). (2.13)

We define a mass emission flux, F,,, = —(1/4,)dM/d¢
that is consistent with F.., = pf(ut —dR,/dr).

—heat balance
4% —qhy = — {[hS + (hT —hS) X T ] /m°
=[5+ (W — ) X T ) /m"} Fos (2.14)

where  hY = hi(py, Ty, XTy), hf = hy(py, Ty, X5,) and
h¢ — h% is the heat of evaporation, whereas 45 — /% is the
heat of solution.

—balance of species 1 flux
n (J?r-,b _Jlrr.b) = (Ylfb - Y?b)Fems (215)
—nonequilibrium evaporation law.

Calculating the fluxes at the molecular level, one
obtains

Femb = Z [“a/’rn/'uTi(ngequil_ngj)] (216)

j=12

where n%,,.us are calculated from thermodynamic
relationships [15] and uy, is the mean molecular velocity
crossing a plane in one direction. The expressions for
NfequitS are
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n(]j,equil = [XlLbV%b(QDI,sal/(plc‘b)psatl (Ty)/
P

(ZGRu Tb)] exXp <J

Psat.1

[L%/(Ru Tb)]> dp

1S cquit = {95 X 3730 €xp [(W'5 — %)/
(R, Tb)]}/(mc)gb)
where Z¢ = pv(R,T).

To calculate the unknowns from the interface jump
relationships we proceed as follows: uf is calculated
through the continuity equation in the drop, p, is given
by the far field value and a perturbation calculated from
the momentum equation, p{ and p¢ are calculated from
the EOS’s once T,, X%, and X¢, are known, and R, is
calculated from the relationship relating it to F,,,. There
remains to calculate uf, F.,., X%, X§, and T,. That
means that we need to calculate five unknowns from four
equations; the degree of arbitrariness in choosing the
interface location allows to close the system of equations.
In our calculations, X%, is specified by the additional use
of the species one equation in an inner layer at the drop
surface. This choice results in R, following the regression
of the initially pure LO,; in the spatial region where r is
slightly greater R, the mass fraction of H, is very small.

2.3. Transport properties

2.3.1. Viscosities and thermal conductivities.

Generic plots of viscosities and thermal conductivities
vs. T/T, are very similar [16]. In the low p (ideal gas)
regime they exhibit an increase with 7, while at high p
they exhibit a decrease in the low 7 regime until a mini-
mum is reached followed by monotonic increase at high
T/T.. In the high (7/T.p/p.) regime, an asymptotic
behavior exists for all curves. This variation suggests
a protocol for correlating 57T, p) and 1,7, p) : first we
correlate the values in the low p limit as a function of T,
then we create an excess function by subtracting the low
p function from the high p data, and finally we correlate
the high p data vs. (7T,p). The oxygen thermal con-
ductivity obtained through this procedure is depicted in
Fig. 1 and shows good agreement with the data rep-
resented by the circles.

The individual component properties are used with the
corresponding states formalism of Teja and Rice [16]
to calculate the mixture properties. This procedure uses
averaging with weighing factors which are quantities that
are functions of critical properties of each component.

To calculate the thermal diffusion factors, we use

Thermal Conductivity of Oxygen

(Circles denote fitted data)

Conductivity (W/mK)
o o
o o
(o)] (0]
o O

©

o

~

o
T

0.020 |

0.000 L :

P (MPa) = 1, 2, 5, 10. 20, 40

LN

100 150 200

Temperature (K)

Fig. 1. Fitted values of the oxygen thermal conductivity and comparison with experimental data.
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an expression derived for gases and small (m;,—m;) by
Hirshfelder et al. [28]

o = er(m;—m;)/(m;+m,)) (2.17)
where & is dependent only on 7. According to Bird et al.
[29], o4 is almost independent of concentration for
gases. No formalism for calculating o for a general
fluid exists to our knowledge. In all results presented
here &1 is taken constant and o = 0.05. Results from
calculations with o values of 0.01 and 0.0 at several
supercritical pressures are discussed in Harstad and
Bellan [23]. Examination of these results shows that they
are insensitive to the value of oy for the compounds
considered and in the range of parameters investigated.

2.3.2. Diffusion coefficients

There are four steps in the calculation of the binary
diffusion coefficients: first the binary infinite dilution
coefficients for a gas are calculated using the formalism
of Bird et al. [29]. Second, the infinite dilution coefficients
for a liquid are calculated using the formalism of Tyn
and Calus [30]. Third, the infinite dilution coefficients for
the gas and liquid are combined through an interpolation
to yield the infinite dilution coefficients for a binary mix-
ture in both subcritical and supercritical regimes. Fourth,

the corresponding states formalism of Teja and Rice [16]
is used to calculate the binary diffusion coefficients from
the binary infinite dilution coefficients. An example of
the calculation appears in Fig. 2.

3. Numerical method

As mentioned above, Ma « 1, and thus the pressure is
calculated as p(r, ) = p..(¢) +p’(r, t) where p_,(?) is speci-
fied and p’(r, ) is a small perturbation calculated from
the momentum equation.

The equations are recast in a convenient form for
numerical analysis as follows: the density derivatives in
equation (2.1) are replaced using the relationship

N
dlnp = —o, dT+xrdp+) (m;/m—v,/v) dX, (3.1
1

where xr = —(1/0)(0v/0p)rx, is the isothermal com-
pressibility. Combining equations (3.1), (2.1), (2.10) and
(2.11) yields

Dlnp_v B <dpw+Dp’>
S

Viu= — (3.2)

Dt dr Dt

where the dissipative expansion

Mass Diffusion Coefficient — Equimolar H, and O,

O—Op=01 e—ep=03 aA—ap=1.0
A—aAa p=30 O—Op=10 m—m p =30
1.000 d
0.100 4
Q : )
\ -
N -
£ A
L 0.010¢
£
(]
0.001 4

7

1.000E—4 + : :

100 150 200

250 300 350 400

Temperature (K)

Fig. 2. Calculation of the mass diffusion coefficient for an equimolar mixture of hydrogen and oxygen.
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a\/
A —
? nC,

“\/
ncC,

p

N
(‘DV—V'Q)+Z< h/_vi>V'J./ (3.3)
1
represents the effect of entropy production and
K, = kr— (2,)*T/(nC,) is the isentropic compressibility.

The primitive variables are p, T, X; (or Y}), and u;. The
quantities p, ap, C,, o, K, v; and 5, are calculated from
the state equation. At any time step, the solution is found
by iterating in two sequential pairs. The first pair is u,
and p’; the second pair is 7and Y,. Spherical symmetry is
assumed and the r coordinate is given by a time dependent
grid. The thermodynamic variables are calculated at grid
cell centers, whereas the velocity and fluxes are calculated
at grid cell boundaries. The grid motion is determined by
fixing one boundary at the moving interface, Ry(7), and
by choosing the outermost boundary, R(¢), to follow the
fluid motion (Lagrangian far field boundary); dRy/d¢
= u,(r = Ry). Due to expected sharp gradients, the grid
spacing is smallest near the interface.

An iterate of the flow dynamics (u,,p’) pair is done
in two steps. First, equation (3.2) is used to produce a
predicted velocity when p” is neglected and the small
viscous dissipation is estimated by the prior iterate; the
interface velocity jump is applied. Second, equations (2.2)
and (3.2) are used to correct the velocity and find p’
through the use of a potential function.

The second pair of variables, (7, Y,) is obtained by
iteratively solving equations (2.10) and (2.11) as a pair
of coupled convection—diffusion equations. Upwind
differencing of the convection terms is used in regions of
large gradients; relative to the local grid motion, the
effective convection velocity is u, —dr,/dz. The difference
equations for the time dependent vectors of cell center
values of 7 and Y, are in the form of coupled matrix
equations. The matrix elements related to cells at the
interface are modified to satisfy the conditions at the
interface. At the drop center, the gradients are null; at
the far field boundary, the values of the variables are
known. During any particular time step, an iterate is
accomplished by a two stage process: first, there is a
partial explicit time step which is followed by an implicit
time step. The implicit time step requires a matrix iter-
ation based on the Thomas algorithm for inverting tri-
diagonal matrices [31].

Because the time constant associated with equation
(2.16) is very small, the equations are very stiff. Therefore,
during a time step iterate, a separate iteration is required
to calculate the interface conditions. These conditions are
then used in the radial velocity calculations and in the
formation of the (7, Y,) vector pair matrices.

4. Results

In order to better understand the trends predicted by
this model, we first analyze a baseline calculation and

then present a parametric study. During all of our cal-
culations, we monitor the number of phases at each time
step and at all locations, for the conditions of this study,
only one phase could be found at all times and locations
presumably due to the high pressures used here and the
peculiarity of the LO,—H, mixture critical locus. Thus,
equation (2.16) happens to play no role, although
included a priori in the calculations. Therefore, the tra-
ditional concept of drop lifetime is meaningless, and the
results are presented in terms of variation of the depen-
dent variables over the entire spatial domain without
reference to any interface.

4.1. Baseline behavior

The initial conditions for the -calculation are:
R} =50x10"*cm, R =0.1cm, T3, = 100 K (the fluid
drop temperature is assumed initially uniform),
TS =1000 K, p =20 MPa. The value of RY is large
enough so that the fluid drop results are essentially inde-
pendent of its value. The fluid drop is composed of pure
LO, (T,=154.6 K, p.=5.043 MPa), while the sur-
rounding is H, (7, = 33.2 K, p. = 1.313 MPa) ; in order
to avoid an initial discontinuity that violates jump con-
ditions, a small amount of oxygen exists initially in the
drop surroundings, its distribution vanishing with
increasing r.

Figure 3 illustrates the spatial variation of 7, p and Y,
(i = 1 refers to LO,) as a function of time. Comparisons
between the variation of these quantities show that the
density gradient is the steepest, however it does not
remain steep during the entire time necessary for drop
heating. It is this density gradient that is captured in
optical measurements such as Gokalp’s [19]; since the
gradient eventually relaxes, the optical measurement
yields increasingly uncertain results as ¢ increases. The
density gradient does not correspond to the Y, gradient
indicating that it is not the evolution of the pure LO,
fluid drop that is followed in the measurements, but that
of an entity into which hydrogen has diffused. The pure
LO, fluid drop shrinks very fast and eventually dis-
appears as shown in Fig. 3 by Y,(r = 0) < 1. It is impor-
tant to realize that not only do gradients of Y, and T
occur at different locations, but also that early-time gradi-
ents of T are steeper than gradients of Y, whereas at later
time the opposite is true. In fact, relaxation of the 7"and
p profiles occurs much faster than that of Y, as seen in
the very long time behavior illustrated in Fig. 4. This is
because Dy is considerably larger than D,, as shown by
their ratio, the traditional Le plotted in Fig. 5. However,
while under subcritical conditions Le is the ratio of heat
to mass fluxes, under supercritical conditions Le is a
misleading measure of the flux ratio [23]. On Fig. 5, an
effective Lewis number, Le.;, based upon a boundary
layer, quasi-steady estimate of the thermal and mass
diffusion length scales [23] is illustrated as well. Com-
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Fig. 3. Spatial variation of the temperature, oxygen mass fraction
and density at various times for R} = 50 x 10~* ¢cm, R% = 0.1
cm, T3, = 100 K, T% = 1000 K, and p = 20 MPa. The curves
correspond to the following times: 0.0 s (—); 7.5x107% s
(---); 1.25x107% s (-----); 1.5x107% s (--); 1.75x107% s
(—);2.414x1072s (----).

parison of Le vs. Ley shows that the effective Lewis
number is about a factor of 40 larger than the traditional
Le. The traditional Le is calculated under the assumption
that the molar flux is proportional to mass fraction gradi-
ents and the heat flux is proportional to temperature
gradients, an assumption that is not satisfied in the pre-
sent situation. Comparisons between our results and
those of Yang et al. [10] for Le shows that we predict
similar Le variations, although our values are larger for
a given pressure, as will be discussed in the parametric
variations below.
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Fig. 4. Long time behavior of the oxygen mass fraction for the
initial conditions in the Fig. 3 caption. The curves correspond
to the following times: 0.0 s (—); 5x107%s (---); 1x 107" s
(----);1.5x107 " 's (---); 1.763x 107" s (----).
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Fig. 5. Spatial variation of the traditional and an effective Lewis
number at different times. The initial conditions are those of
Fig. 3 caption.

Properties related to heat transfer are depicted in Fig.
6: C, is larger in the fluid drop whereas 4 is larger in the
drop surroundings. This means that it is more difficult to
heat the drop than the drop surroundings (C, is larger in
the drop), and that heat is more difficult to transmit
inside the drop than in its surroundings (4 is larger in the
drop surroundings than in the drop). Our plots for 4
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Fig. 6. Spatial variation of C, and 4 for the initial conditions in
Fig. 3 caption. Curves are labeled as in Fig. 3 caption.

show a wider scale variation than those of Yang et al.
[10] for same RJ and T2 but larger p at similar times. As
will be seen below, the scales become smaller (i.e. gradi-
ents become larger) with increasing pressure and thus our
results quantitatively disagree with the small scales shown
by Yanget al. [10] at approximately 12.5 MPa (a pressure
smaller than that of 20 MPa as in our calculations). It is
speculated that the discrepancy comes from our inclusion
of additional terms [23] in the model and calculations.
Y, vs. T'is displayed in Fig. 7 as a function of time in
order to parallel previous plots by other authors [17] for
very similar supercritical conditions ; the only differences
are their initial radius of 100 x 10~* cm and p = 8 MPa.
Our results show none of the discontinuities displayed by
the results of Haldenwang et al. [17] which appeared as
a consequence of their equilibrium assumption. The plots
in Fig. 7 resemble in shape those of Delplanque and
Sirignano [14] obtained also at supercritical conditions
(p = 10.086 MPa, T, = 1500 K) for a burning droplet
of identical initial size, although their plots are restricted
to a droplet interior whose definition is not given (the
criterion for the interface location under supercritical
conditions is missing). The small deviation among all
curves on Fig. 7 for such a wide time interval suggests
almost a similarity solution ; this is an unexpected result

1.0

200 400 600 800 1000
0
T, K

Fig. 7. Temporal variation of the oxygen mass fraction vs. the
temperature for the initial conditions in Fig. 3 caption. The
curves are labeled as in Fig. 3 caption.

given the complexity of the equations. p vs. T is plotted
in Fig. 8 as a function of 7 ; away from the initial condition
all the plots fall on the same line pointing again to a
similarity solution. These plots are for a larger tem-
perature than those of Yang et al. [10] but for a similar
pressure regime. Comparisons with those plots are not
possible since those results were obtained from phase
equilibrium calculations for a liquid mixture of LO, and
H.,.

To evaluate the assumption of constant pD,, made by
other authors [14], we show in Fig. 9 spatial plots of
this quantity at different times. The plots show that the
initially uniform profiles in each side of the interface
evolve strong nonuniformities with time; thus the
assumption of constant pD,, should be discarded from
all supercritical regime studies.

4.2. Parametric study
The variation of the above results with initial fluid-

drop size, surrounding pressure and surrounding tem-
perature is important for coaxial atomizer design. To

600 800
0
T,'K
Fig. 8. Temporal variation of the density vs. the temperature for

the initial conditions in Fig. 3 caption. The curves are labeled as
in Fig. 3 caption.
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Fig. 9. Spatial variation of pD,, for the initial condition in Fig.
3 caption. The curves are labeled as in Fig. 3 caption.

explore the impact of these variations, the results of the
parametric study are discussed below.

4.2.1. Influence of initial fluid-drop size

To examine the impact of the initial size, calculations
were performed with drops of initial radius 25 x 10~* cm
and 300 x 10~* cm and compared to those of the baseline
case ; plots of the results at 5x 1073 s appear in Fig. 10.
The main result of increasing the drop size is to delay
drop heating, produce a more uniform LO, distribution
at this time, and maintain the strong density gradient for
longer times. Since optical measurements of the interface
location correspond to the density gradient, it is expected
that experimental information on the interface motion
will be more accurate for larger drops.

4.2.2. Influence of surrounding pressure

In Figs 11 and 12 we display results for fixed initial
drop size and surrounding temperature as a function of
surrounding pressure at 2 x 107% s. The slightly larger A
but much larger C, with increasing p on the LO, side of
the interface (not shown) result in smaller 7 on the LO,
side of the interface ; the opposite occurs on the H, side
of the interface. Thus, T gradients are greater with
increasing p. Increasing the surrounding p decreases both
D,, and D (not shown); however, there is relatively a
larger reduction on the H, side of the interface. The
decrease in D,, explains the smaller Y, on the H, side of
the interface and the steeper gradients with increasing p.
Examination of the p profiles shows the considerably
larger gradients with increasing p; it is thus inferred that
experiments quantifying the interface motion will be
more accurate when performed at large pressures. Figure
12 illustrates the spatial variation of pD,, at different
p and confirms that the assumption of constant pD,,
deteriorates with increasing p. This is an expected result
since the classical evaluation of D, as a function of T
that is the basis of this assumption is strictly valid only
in the limit of the low p (gas) regime.

(a) 1000

800

-

& 400

200

0.2

p, g/cm

0.02 0.04 0.06

Fig. 10. Spatial variation of the temperature, oxgyen mass frac-
tion and density at 25 MPa. Plots are at 5x 10~* s for initial
fluid drop radii 25x10~* cm (-----), 50x 10~* cm (—) and
300x 10~*cm (- - -).

Examination of the variation of Le with increasing p
[23] shows that as p increases, Le remains < 1 on the LO,
side of the interface, and decreases with increasing p,
whereas Le remains >1 on the H, side of the interface
and increases with increasing p [23]. This spatial variation
with increasing p shows that indeed the gradients become
steeper with increasing p. The Lewis number seems insen-
sitive to the pressure in the far field.

The general variation of the dependent variables with
increasing p indicates that since the gradients become
larger due to a reduction in scales, high pressure com-
bustion in practical devices will have to rely on strong
turbulence to enhance mixing and heat transfer.
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Fig. 11. Spatial variation of the temperature, oxygen mass frac-
tion and density at 2x 1072 s for several pressures: 10 MPa
(---); 20 MPa (-----); 25 MPa (--*); 40 MPa (--); 80 MPa
(----). Other initial conditions are: R} =50x10"* cm;
R =0.1cm; T{, =100 K; TS = 1000 K.

4.2.3. Influence of surrounding temperature

Figure 13 contains plots illustrating results at 2 x 1072
s from calculations at 7% = 1000 K and 500 K for p = 20,
40 and 80 MPa. Spatial plots of the transport properties
(not illustrated) show that D,,, Dy and A all increase with
increasing T2, however, Le decreases with increasing T
on the H, side immediately adjacent to the interface
before the asymptotic increasing trend reappears [23]. On
the LO, side of the interface, Le remains < 1 and increases
with increasing T, however, the difference becomes
smaller with increasing p [23]; on the H, side of the

interface Le remains >1 [23]. This means that scales
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0.000 0005 0010 0.015 0.020 0.025 0.030

r,cm

Fig. 12. Spatial variation of pD,, for the initial condition in Fig.
11 caption. The curves are labeled as in Fig. 11 caption.

become smaller with decreasing T, an effect immediately

apparent upon examination of the p profiles. The larger
gradients at smaller T imply that experiments with drops
atlower T will yield data carrying less uncertainty about
the interface motion since it would be more easily detect-
able.

As expected from the variation of D, diffusion of
LO. is enhanced at larger temperatures but the difference
decreases with increasing pressure, a result easily observ-
able in Fig. 13. The T plots depicted in Fig. 13 show the
same trends regarding the relative gradients magnitude
as those found in the plots of p and Y,. The larger 7 on
the LO, side of the interface with decreasing pressure at
the larger T?, and the smaller T with decreasing pressure
at the smaller T2 are the effect of the larger reduction of
LO, at those locations at the larger T4 ; in fact the vari-
ation at smaller T is a snapshot of the early behavior of
the drop at larger T3.

5. Conclusions

A model of an isolated fluid drop in quiescent, finite
spatial surroundings has been derived using the for-
malism of fluctuation theory. The model presented here is
derived from first principles and incorporates all physical
aspects of high pressure behavior including Soret and
Dufour effects, high pressure mixture-thermodynamics
and mixture transport properties over a wide range of
pressures and temperatures.

Results obtained for the LO,—H, system show that the
supercritical behavior is that of a slow diffusion process.
The spatial temperature profile is the first to relax, fol-
lowed by the density profile; the mass fractions remain
nonuniform long after relaxation of both temperature
and density. Given the long characteristic time associated
with diffusion, it is not surprising that strong turbulence
is needed to mix LO, and H, in liquid rocket motors. The
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Fig. 13. Spatial variation of the temperature, oxygen mass frac-
tion and density at 7¢ = 1000 K (—), (---) and (-----); and at
T% =500 K (---), (—) and (----). The other initial conditions
are: Ry =50x10"* cm, RY=0.1 cm, and Ty, =100 K.
Results are at 2 x 1072 s and for several pressures : 20 MPa (—)
and (---); 40 MPa (---) and (——); and 80 MPa (-----) and
(=)

results are insensitive to the variation of the thermal
diffusion factor (within the range 0.0-0.05 and up to 80
MPa) when this factor is assumed constant with time and
uniform [23]. This is remarkable considering that the
thermal diffusion factor is the only free parameter in the
present calculations. Also unexpected is the self-similar
behavior of the LO, mass fraction vs. the temperature
obtained by eliminating the radial variation between the
two dependent variables.

An important, although not unexpected finding is that

the uniformity assumption for the product of the density
by the mass diffusivity is not justified. Additionally, con-
sistent with the different relaxation times of the tem-
perature and mass fractions, the traditional Lewis num-
ber is shown to be much smaller than an effective Lewis
number estimated from a quasi-steady, boundary layer
theory presented elsewhere [23].

Parametric studies performed by varying the initial
fluid-drop size, the surrounding pressure and the sur-
rounding temperature show that gradients become larger
with increasing pressure and smaller temperatures. The
practical consequence of this finding is that increasing
turbulence is necessary to mix the reactants at larger
pressures.

The above results could not be experimentally vali-
dated due to lack of observation of free fluid drops in
supercritical, quiescent surroundings. Our results show
that optical experimental data must be interpreted with
caution since the detected density gradients are main-
tained only for limited times. In that respect, the most
accurate data is expected for large drops in high pressure
and low temperature surroundings because the density
gradients survive longer with increasing fluid-drop size
and pressure, and with decreasing temperature.
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